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Abstract
A dynamical mechanism for symmetry breaking is investigated under the circum-
stances with the finite curvature, finite size and non-trivial topology. A four- and
eight-fermion interaction model is considered as a prototype model which induces sym-
metry breaking at GUT era. Evaluating the effective potential in the leading order of
the 1/N-expansion by using the dimensional regularization, we explicitly calculate the
phase boundary which divides the symmetric and the broken phase in a weakly curved
space-time and a flat space-time with non-trivial topology, RD−1 ⊗ S1.
1 Introduction
It is believed that a fundamental theory with a higher symmetry is realized at high energy
scale. In a grand unified theory, the higher gauge symmetry is broken down to the standard
model gauge symmetry, SUc(3)⊗SU(2)L⊗U(1)Y . The evolution of the universe has played
an important role for the symmetry breaking. On the other hand the symmetry breaking
affects the space-time structure of the universe. Therefore it is expected that some evidences
of symmetry breaking at GUT era will be observed in the structure of the current universe.
One of the well-known mechanism of the symmetry breaking is found for the chiral
symmetry breaking in QCD. Below the QCD scale a composite operator which is constructed
by quark and anti-quark fields develops a non-vanishing expectation value and the quark
fields acquire mass term. Then the chiral symmetry is spontaneously broken. It is caused
by non-perturbative effect of QCD dynamics and called as dynamical symmetry breaking.
This mechanism can be applied to strong coupling gauge theories at GUT scale.
Thus we have launched our plan for a systematic study on the dynamical symmetry
breaking in extreme conditions at the early universe. A simple four-fermion interaction
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model are often used for the analysis of the dynamical symmetry breaking. The curvature
effects has been studied in two[3, 4], three[6], four[5] and arbitrary dimensions.[7]. If the
background space-time has a positive curvature, the symmetry breaking is suppressed. The
broken symmetry is restored for a large positive curvature, while only the broken phase
can be realized in a space-time with a negative curvature.[8] The finite size effect has been
investigated in the cylindrical universe,[9] and the torus universe.[10, 11, 12, 13, 14] The finite
size effect restore the broken symmetry if we adopt the anti-periodic boundary condition to
the fermion fields. The fermion fields with the periodic boundary condition breaks the chiral
symmetry. A combined effect of the space-time curvature and the topology has been also
discussed in a weakly curved space-time,[18] the maximally symmetric space-time[15, 16]
and Einstein space[17, 19]. For a review, see for example Ref. [20].
Strong gauge interactions at high energy scale can be represented by various operators in
low energy effective models. It is not always valid to neglect higher dimensional operators. ’t
Hooft introduced a determinantal interactions in a low energy effective model of QCD to deal
with the explicit breaking of the UA(1) symmetry.[21] R. Alkofer and I. Zahed considered an
eight-fermion interaction to explain the pseudoscalar nonet mass spectrum.[22] An influence
of higher derivatives is also considered in Ref. [23].
In the present paper we consider four- and eight-fermion interactions and investigate the
phase structure of the model in a weakly curved space-time and a space-time with non-trivial
topology. In Sec. 2 we introduce a four- and eight-fermion interaction model and calculate
the effective potential in the leading order of the 1/N expansion. In Sec. 3 we discuss the
curvature effect on the dynamical symmetry breaking. It is assumed that the space-time
curves slowly. We keep only terms independent of the space-time curvature R and linear
to R and study the curvature induced phase transition. We consider a cylindrical universe,
RD−1 ⊗ S1 in Sec. 4. It is a flat space-time with non-trivial topology. We adopt a periodic
and an anti-periodic boundary conditions for the fermion fields. The phase structure of the
model is studied as the size for S1 direction varies for each boundary conditions. In Sec. 5
we give some concluding remarks.
2 Four- and Eight-Fermion Interaction Model
The space-time structure modifies the phase structure of the four-fermion interaction model.[20]
The simplest model is composed of N -flavor fermions with a scalar type four-fermion interac-
tion. In an extreme conditions some interactions described by higher dimensional operators
may have nonnegligible contribution to the phase structure. Thus we extend the model with
higher dimensional operators to find a general and an essential feature for the dynamical
symmetry breaking. We employ scalar type four- and eight-fermion interactions in a curved
space-time and start from the action,
S =
∫
dDx
√−g
[
N∑
i=1
ψ¯i(x)iγ
µ(x)∇µψi(x) + G1
N
(
N∑
i=1
ψ¯i(x)ψi(x))
2
+
G2
N3
(
N∑
i=1
ψ¯i(x)ψi(x))
4
]
, (1)
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where the index i represents the flavors of the fermion field ψ, N is the number of flavors, g
the determinant of the metric tensor, γµ(x) the Dirac matrix in curved space-time and ∇µψ
the covariant derivative for the fermion field ψ. The coupling constants for the four- and the
eight-fermion interactions, G1 and G2, should be fixed phenomenologically. Since the model
is unrenormalizable, we need one more parameter to regularize radiative corrections. In this
paper we adopt the dimensional regularization for fermion loop corrections. We leave the
space-time dimension, D, as an arbitrary parameter to be fixed phenomenologically.[31, 32,
33, 34, 35]
The action (1) is a simple extension of the Gross-Neveu model[2] with the same symmetry.
It is invariant under the discrete chiral transformation,
ψ¯iψi → −ψ¯iψi, (2)
and the global flavor transformation,
ψi →
(
exp(i
∑
a
θaTa)
)
ij
ψj , (3)
where Ta are generators of the flavor SU(N) symmetry. The flavor symmetry allows us to
work in a scheme of the 1/N expansion. Below we neglect the flavor index.
The generating functional of the model is given by
Z =
∫
DψDψ¯eiS . (4)
It should be noted that we set the path integral measure to keep the general covariance. For
practical calculations it is more convenient to introduce the auxiliary fields. We consider a
constant integral,
C =
∫
Dσδ
(
σ +
2G1
N
ψ¯ψ
)
. (5)
The delta function in Eq.(5) is described by the integral form,
C = C′
∫
DσDseiSa , (6)
where Sa is given by
Sa = i
∫ √−gdDx [− N
2G1
s
(
σ +
2G1
N
ψ¯ψ
)]
. (7)
Since C is a constant, we are free to insert it on the right-hand side in Eq.(4). The fermion
bilinear, ψ¯ψ, is replaced by the auxiliary field σ. Thus the generating functional, Z, is
rewritten as
Z =
∫
DψDψ¯DσDseiSy , (8)
where Sy is given by
Sy = S + Sa
=
∫
dDx
√−g
[
ψ¯(iγµ(x)∇µ − s)ψ + N
4G1
σ2 − N
2G1
sσ +
NG2
16G41
σ4
]
. (9)
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The eight-fermion interactions in the original action are replaced by the auxiliary fields, s
and σ.
From the action (9) we obtain the equations of motion for the auxiliary fields,
σ = −2G1
N
(ψ¯ψ), (10)
and
s = σ +
G2
2G31
σ3. (11)
If a non-vanishing expectation value is assigned for the auxiliary field, σ, the composite op-
erator, ψ¯ψ, also has a non-vanishing expectation value and the chiral symmetry is eventually
broken. A non-vanishing expectation value for the auxiliary field, s, generates the fermion
mass term. Substituting the equations (10) and (11) into the action (9), we can reproduce
the original one (1).
For later convenience we shift the field σ to σ′ ≡ σ− s and diagonalize the mass term for
the auxiliary fields. Thus the action (9) reads
Sy =
∫
dDx
√−g
[
ψ¯(iγµ(x)∇µ − s)ψ + N
4G1
σ′2 − N
4G1
s2 +
G2N
16G41
(σ′ + s)4
]
. (12)
To include quantum corrections we calculate the effective action. Performing the path-
integral over the fermion fields, we calculate the effective action Γ[s, σ′] in the leading order
of the 1/N expansion,
Γ[s(x), σ′(x)] =
∫
dDx
√−g
[
N
4G1
σ′2 − N
4G1
s2 +
NG2
16G41
(σ′ + s)4
]
+iTr
∫ s
0
dmS(x, x;m), (13)
where Tr represents the trace over the flavor, spinor and space-time coordinates. We want to
find a ground state of the system described by the action (12). We assume that the ground
state is static and homogeneous and put s(x) = s and σ(x) = σ constants independent of
the space-time coordinate x. Then we can obtain the effective potential,
V (s, σ′) = − 1
4G1
σ′2 +
1
4G1
s2 − G2
16G41
(σ′ + s)4 − itr
∫ s
0
dmS(x, x;m), (14)
where tr shows the trace over only the spinor and we omit the over all factor N . S(x, y;m)
is the spinor two-point function which satisfies the Dirac equation in curved space-time,
(iγµ∇µ −m)S(x, y;m) = 1√−g δ
D(x− y). (15)
The effective potential (14) gives the energy density induced by the fermion fields. The
ground state have to minimize it. Thus we can find the state by the stationary condition of
the effective potential,
∂V (s, σ′)
∂s
∣∣∣∣
σ′
=
s
2G1
− G2
4G41
(σ′ + s)3 − itrS(x, y; s) = 0 (16)
4
and
∂V (s, σ′)
∂σ′
∣∣∣∣
s
= − σ
′
2G1
− G2
4G41
(σ′ + s)3 = 0. (17)
Eqs. (16) and (17) give necessary conditions for the minimum. From Eq.(17) we get
s =
(
−2G
3
1
G2
σ′
)1/3
− σ′. (18)
In terms of the auxiliary field, σ = s+ σ′, the equation reads
s = σ +
G2
2G31
σ3. (19)
This equations give the relationship between both the auxiliary fields at the stationary
point. Thus the dynamical fermion mass, md ≡ 〈s〉 is given by a function of 〈σ〉 ∝ 〈ψ¯ψ〉.
Substituting Eq. (19) into Eq. (16), we obtain
s = i2G1trS(x, x; s)− 4iG2 [trS(x, x; s)]3 . (20)
The dynamically generated fermion mass, md, should satisfy this gap equation. In the case
of the second order phase transition the dynamical fermion mass smoothly disappears at the
critical point. We can calculate it to take the limit s → 0 for the non-trivial solution of
Eq. (20). Because of the chiral symmetry trS(x, x; s) is proportional to s. Thus the second
term in the right-hand side in Eq. (20) drops much faster than the other terms. It shows
that the eight-fermion interaction G2 has nothing to do with the critical point for the second
order phase transition.
We can obtain the self-consistent equation (20) for the dynamically generated fermion
mass in other procedures. An alternative way is possible to cancel out multi-fermion inter-
actions by introducing the auxiliary fields. In Ref. [30] the action (1) is rewritten by the
auxiliary fields σ1 and σ2,
S′y =
∫
dDx
√−g
[
ψ¯(iγµ(x)∇µ − σf )ψ − Nσ
2
1
4G1
− Nσ
2
2
4G2
]
, (21)
where σf is given by
σf ≡ σ1
√
1− σ2
G1
. (22)
In terms of the auxiliary fields σ1 and σ2 the effective potential is found to be
V (σ1, σ2) =
1
4G1
σ21 +
1
4G2
σ22 − itr
∫ σf
0
dmS(x, x;m). (23)
From the stationary condition of the effective potential (23) we obtain the self-consistent
equation for the dynamically generated fermion mass,
σf = i2G1trS(x, x;σf )− 4iG2 [trS(x, x;σf )]3 . (24)
It is equivalent to the gap equation (20).
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We can also derive the fermion mass from the original action (1). In the leading order of
the 1/N expansion it is given by the following diagrams,
md = +
= 2iG1trS(x, x;md)− 4iG2 (trS(x, x;md))3 . (25)
Therefore the gap equation (20) is reproduced again.
Before we discuss the curvature and the topological effect, it will be instructive to give
the type behavior of the effective potential Eq. (14) in Minkowski space-time, RD. The
two-point function (15) in RD is given by
S(x, y; s) =
∫
dDk
(2pi)D
e−ik(x−y)
1
γµkµ − s . (26)
Inserting Eq.(26) into Eq.(14), we obtain the explicit expression for the effective potential,
V0(s, σ
′) = − 1
4G1
σ′2 +
1
4G1
s2 − G2
16G41
(σ′ + s)4
− tr1
(4pi)D/2D
Γ
(
1− D
2
)
|s|D. (27)
At the stationary point, the effective potential is rewritten as
V0(σ) =
1
4G1
(
σ2 +
3G2
4G31
σ4
)
− tr1
(4pi)D/2D
Γ
(
1− D
2
) ∣∣∣∣σ + G22G31σ3
∣∣∣∣
D
. (28)
In RD the gap equation (20) is given by
s = 2G1
tr1
(4pi)D/2
Γ
(
1− D
2
)
s|s|D−2 + 4G2
[
tr1
(4pi)D/2
Γ
(
1− D
2
)
s|s|D−2
]3
. (29)
For G2 = 0 we can analytically solve this gap equation and find a non-trivial solution for a
negative G1 at
s = σ = m0 ≡
[
− (4pi)
D/2
2|G1|tr1Γ (1−D/2)
]1/(D−2)
. (30)
This solution gives the dynamically generated fermion mass for G2 = 0 in R
D. Below we
normalize all the mass scales by m0 for G1 < 0. In the case of a positive G1 we also use m0
to normalize parameters with mass dimension. Thus the effective potential (28) depends on
σ, D, a sign of G1 and Gr ≡ G2m20/G31,
V0(σ)
mD0
= −sgn(G1) tr1
(4pi)D/2
Γ
(
1− D
2
)[(
1
2
σ2
m20
+
3Gr
8
σ4
m40
)
− 1
D
∣∣∣∣ σm0 +
Gr
2
σ3
m30
∣∣∣∣
D
]
. (31)
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Figure 1: Behavior of the effective potential
in Minkowski space-time for G1 < 0, Gr =
−0.1, 0, 0.1 and D = 3.
Figure 2: Behavior of the effective poten-
tial in Minkowski space-time for G1 > 0,
Gr = −0.1, 0, 0.1 and D = 3.
In this paper we consider only the four- and the eight-fermion interaction. It is expected
that contributions from higher dimensional operators with mass dimension, d, are almost
proportional to σd/3. It is not valid to neglect the contributions for a large σ. Thus we
restrict our analysis in 〈σ〉/m0 . 1.
Numerically evaluating the effective potential (28) as Gr(≡ G2m20/G31) varies, we find
the phase structure. We set D = 3 and show the typical behavior of the effective potential
in Figs. 1 and 2 for a negative G1 and a positive G1, respectively. As is shown in Fig. 1, a
positive eight-fermion coupling, G2, enhances the chiral symmetry breaking, while a negative
one suppresses it. For a positive G1 we observe only the symmetric phase in Fig. 2. It should
be noted that we can find a minimum of the effective potential, if we evaluate it for a larger
σ. In the case of Gr = −0.1 with a positive G1, we find a minimum at σ/m0 ∼ 3.8. However,
the expectation value of σ is too large to keep validity of the model. It is outside the scope
of our interest.
3 Curvature Induced Phase Transition
The space-time curvature may play an important role for a phase transition at the early
universe. Here we evaluate the four- and eight-fermion interaction model (1) in a curved
space-time. Some assumption for the back ground metric is necessary to calculate the ground
state of the model. Here we assume that the space-time curves slowly and keep only terms
independent of the curvature R and terms linear in R.
For this purpose we introduce the Riemann normal coordinate system in which the affine
connection vanishes at least locally[24]. Near the origin x0 the back-ground metric is ex-
panded to be
gµν(x) = ηµν +
1
3
Rµανβ(x− x0)α(x− x0)β +O(R;µ, R2), (32)
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where ηµν is the metric tensor on R
D, diag(1,−1, · · · ,−1) and Rµανβ the curvature tensor
at the origin. In the Riemann normal coordinate system the spinor two-point function (15)
is found to be[5, 20]
S(x0, y; s) =
∫
dDk
(2pi)D
e−ik(x0−y)
[
γaka + s
k2 − s2 −
1
12
R
γaka + s
(k2 − s2)2
+
2
3
Rµνkµkν
γaka + s
(k2 − s2)3 +
1
4
γaσcdRcdaµk
µ 1
(k2 − s2)2
]
+O(R;µ, R
2). (33)
Substituting Eq.(33) into Eq.(14), we expand the effective potential in terms of the space-
time curvature R,
V (s, σ′) = V0(s, σ
′)− tr1
(4pi)D/2
R
24
Γ
(
1− D
2
)
|s|D−2 +O(R;µ, R2), (34)
where V0(s, σ
′) is the effective potential (27) for R = 0. Since the term linear in R is
independent on σ′, the stationary condition (17) is not modified. The auxiliary fields s and
σ′ is rewritten by σ by Eq.(19) with Eq.def:tsig at the stationary point. Thus the effective
potential (34) reads
V (σ) = V0(σ)− tr1
(4pi)D/2
R
24
Γ
(
1− D
2
) ∣∣∣∣σ + G22G31σ3
∣∣∣∣
D−2
+O(R;µ, R
2). (35)
The gap equation defined by (20) reads
s = 2G1
tr1
(4pi)D/2
Γ
(
1− D
2
)
s
(
|s|D−2 − D − 2
24
R|s|D−4
)
+4G2
[
tr1
(4pi)D/2
Γ
(
1− D
2
)
s
(
|s|D−2 − D − 2
24
R|s|D−4
)]3
. (36)
It gives the necessary condition for the dynamically generated fermion mass in a weakly
curved space-time. Evaluating the effective potential (35) and the gap equation (36) in
weakly curved space-time, we study the curvature induce phase transition below.
3.1 Phase structure for a negative G1
For a negative G1 the chiral symmetry is broken in Mikowski space-time. We set D = 3
and numerically draw the typical behavior of the effective potential for G1 < 0 in Fig. 3.
A positive Gr suppresses the chiral symmetry breaking, while a negative one enhances it.
The chiral symmetry is broken in Minkowski space-time for a negative G1. The first order
phase transition takes place, as the curvature increases. Thus the broken chiral symmetry is
restored for a large positive R.
In Figs. 4 and 5 the dynamical fermion mass is plotted as a function of the space-time
curvature, R. We numerically evaluate the true minimum of the effective potential, as the
curvature R varies, and obtain the solution corresponding to the true minimum. In Fig. 4
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Figure 3: Behavior of the effective potential
for D = 3, G1 < 0 and Gr = −0.1, 0, 0.1 as
the curvature, R, varies.
Figure 4: Dynamically generated fermion
mass for D = 3, G1 < 0 and Gr =
−0.1, 0, 0.1 as a function of R.
Figure 5: Dynamically generated fermion
mass at the four-dimensional limit for G1 <
0 and Gr = −0.1, 0, 0.1 as a function of R.
Figure 6: Phase structure as a function of
the space-time dimension D for G1 < 0,
Gr = −0.1, 0 and 0.1.
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the mass gap appears at the critical point. Thus the phase transition is of the first order for
2 ≤ D < 4. A negative Gr enhances the symmetry breaking and a larger critical curvature
is observed for a negative Gr. We obtain a smaller Rcr for a positive Gr.
Because of the non-renormalizability of the four- and the eight-fermion interactions, we
can not remove all the divergence at the four dimensional limit. For example, the right-hand
side in the gap equation (36) is divergent at the limit. If we normalize all the mass scales
in the gap equation by m0 given in Eq.(30), the factor Γ(1−D/2) in m0 eliminates the one
in the gap equation. Thus we obtain a finite expression for the gap equation at the limit,
D → 4,
s
m0
= −sgn(G1) s
m0
[(
s
m0
)2
− 1
12
R
m20
]
−sgn(G1)Gr
2
(
s
m0
)3 [(
s
m0
)2
− 1
12
R
m20
]3
. (37)
We plot the solution of Eq.(37) in Fig. 5 for a negative G1. The broken chiral symmetry
is restored through the second order phase transition at R/m20 = 12. The critical value is
independent on the eight-fermion coupling G2. Therefore we obtain the critical curvature,
Rcr, as a function of the space-time dimension, D. In Fig. 6 we illustrate the phase boundary
which divides the symmetric phase and the broken phase for G1 < 0 and Gr = −0.1, 0, 0.1.
We find a positiveness of the critical curvature. Only the broken phase is realized in a space-
time with a negative curvature.[8] The eight-fermion interaction contributes the curvature
induced phase transition. Especially, we observe a endpoint, A, for Gr = −0.1.[25] At the
point a the local minimum disappears from the range, 〈σ〉/m0 . 1, considered here.
3.2 Phase structure for a positive G1
The chiral symmetry is preserved in Minkowski space-time for a positive G1. The space-time
curvature modifies the effective potential, as is shown in Fig. 7. The effective potential has a
single and a double well shape in a space-time with a non-negative and a negative curvature,
respectively. An influence of the eight-fermion interaction is presented by dashed and dotted
lines.
Though the eight-fermion interaction modifies the effective potential, it can not change
the phase structure for a positive G1. Such a situation can be clearly seen on the behavior
of the dynamical fermion mass. We solve the gap equation (36) and draw the dynamical
fermion mass as a function of the space-time curvature in Figs. 8 and 9. As is shown in
Fig. 8, the dynamically generated fermion mass disappears at R = 0 for 2 ≤ D < 4. Thus
the critical curvature is given by Rcr = 0 and the chiral symmetry is always broken for
a negative R. Only the symmetric phase is realized for a non-negative R. In Figs. 9 and
10 we observe that the critical curvature shifts to a smaller value Rcr/m
2
0 = −12 at the
four-dimensional limit. Higher than the second order phase transition occurs at R = 0 for
2 ≤ D < 4, while the second order phase transition takes place at R/m20 = −12 for D → 4.
As is discussed in the previous section, the critical value is independent of the eight-fermion
coupling. Fig.10 shows the transition from Rcr = 0 to Rcr/m
2
0 = −12 for Gr = 0, as the
space-time dimension, D, varies.
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Figure 7: Behavior of the effective potential
for D = 3, G1 > 0 and Gr = −0.4, 0, 0.4 as
the curvature, R, varies.
Figure 8: Dynamically generated fermion
mass for D = 3, G1 > 0 and Gr =
−0.4, 0, 0.4 as a function of R.
Figure 9: Dynamically generated fermion
mass at the four-dimensional limit for G1 >
0 and Gr = −0.4, 0, 0.4 as a function of R.
Figure 10: Dynamically generated fermion
mass for G1 > 0, Gr = 0, D =
3, 3.25, 3.5, 3.75 and the limit D → 4 as a
function of R.
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4 Finite Size and Topological Effects
The very early universe may have a non-trivial topology. A symmetry restoration at high
temperature can be also classified as the similar type of effects. In this section we investigate
the contribution from the eight-fermion interaction to the dynamical symmetry breaking in
a flat space-time with non-trivial topology, RD−1 ⊗ S1.
In the compact manifold S1 fermion fields should obey the boundary condition,
ψ(x+ L) = eiδp,1piψ(x), (38)
where L is the size of the S1 direction. Since the boundary condition (38) restricts the
allowed mode functions, the Fourier transformation in Eq. (26) is replaced by the Fourier
series expansion, 

∫
∞
∞
dki
2pi
→ 1
L
∞∑
n=−∞
,
ki → (2n+ δp,1)pi
L
,
(39)
where the upper index i shows the compact direction, S1, and δp,1 is fixed by the boundary
condition. Thus the spinor two point function (15) in RD−1 ⊗ S1 is found to be
S(x, y; s) =
1
L
∞∑
n=−∞
∫
dD−1k
(2pi)D−1
e−ik(x−y)
1
γµkµ − s . (40)
Substituting Eq. (40) into Eq. (14), we obtain the effective potential in RD−1 ⊗ S1,
V (s, σ′) = − σ
′2
4G1
+
s2
4G1
− G2
16G41
(σ′ + s)4 +
tr1
2(4pi)(D−1)/2
Γ
(
1−D
2
)
1
L
×
∞∑
n=−∞
[(
(2n+ δp,1)pi
L
)2
+ s2
](D−1)/2
. (41)
The stationary condition (17) is not modified. The auxiliary fields s and σ′ are represented
by σ at the stationary point. We insert Eq. (19) into Eq. (41) and rewrite the effective
potential,
V (σ) =
1
4G1
(
σ2 +
3G2
4G31
σ4
)
+
tr1
2(4pi)(D−1)/2
Γ
(
1−D
2
)
1
L
×
∞∑
n=−∞
[(
(2n+ δp,1)pi
L
)2
+
(
σ +
G2
2G31
σ3
)2](D−1)/2
. (42)
The necessary condition for the dynamical fermion mass is given by the gap equation defined
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by (20). We substitute the two-point function (40) into Eq. (20) and obtain
s = 2G1
tr1
(4pi)(D−1)/2
Γ
(
1−D
2
)
s
L
∞∑
n=−∞
[(
(2n+ δp,1)pi
L
)2
+ s2
](D−3)/2
+4G2
{
tr1
(4pi)(D−1)/2
Γ
(
1−D
2
)
s
L
×
∞∑
n=−∞
[(
(2n+ δp,1)pi
L
)2
+ s2
](D−3)/2}3
. (43)
Below we evaluate the effective potential (42) and the gap equation (43) for fermions with
the periodic, δp,1 = 0, and the anti-periodic boundary conditions, δp,1 = 1 and discuss the
phase structure.
4.1 Phase structure for a negative G1
In Minkowski space-time, RD, the system is in the broken phase for a negative G1. The
space-time, RD, is obtained at the large L limit, L→∞, of RD−1 ⊗ S1. We start from the
broken phase at the large L limit and evaluate the effective potential as L decreases.
In the case of the anti-periodic boundary condition the theory on RD−1⊗S1 is equivalent
to the finite temperature theory. It is expected that a broken symmetry is restored at high
temperature. Thus the finite size effect should also restore the broken symmetry. We draw
the typical behavior of the effective potential (42) for the fermion field with the anti-periodic
boundary condition in Fig. 11. The broken chiral symmetry is restored for a small L.
The dynamically generated mass for the fermion field with the anti-periodic boundary
condition is plotted in Fig. 12 by solving the gap equation (43). It is clearly seen that
the dynamical fermion mass disappears and the broken chiral symmetry is restored through
the second order phase transition at the critical length, Lcr. The dynamical fermion mass
is modified by the eight-fermion interaction. As is discussed in Sec. 2, the eight-fermion
interaction does not affect the critical length, Lcr. We can analytically calculate the critical
length, Lcr, by taking the limit s → 0 for the non-trivial solution of the gap equation (43).
Thus we find the explicit expression for the critical length, Lcr,
Lcr = 2pi
[
2tr1G1
pi(4pi)(D−1)/2
(23−D − 1)Γ
(
3−D
2
)
ζ(3−D)
]1/(D−2)
. (44)
for fermion fields with the anti-periodic boundary condition. We plot it as a function of
the space-time dimension, D, in Fig. 13. Though the effective potential (28) is divergent
at the four-dimensional limit, the finite size effect gives a finite correction for the divergent
potential. The effect disappears at the four-dimensional limit.
We draw the behavior of the effective potential for the fermion field with the periodic
boundary condition in Fig. 14. The finite size effect enhances the chiral symmetry breaking
in this case. Thus only the broken phase can be realised for a negative G1. If we enlarge the
scope of our analysis to include a larger σ, the eight-fermion interaction induces another type
of transition between finite σ. As is shown in Fig. 15, the effective potential can develop
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Figure 11: Behavior of the effective potential
for D = 3, G1 < 0 and Gr = −0.1, 0, 0.1 in
the case of the anti-periodic boundary con-
dition.
Figure 12: Dynamical fermion mass for D =
3, G1 < 0 and Gr = −0.1, 0, 0.1 as a func-
tion of the length L in the case of the anti-
periodic boundary condition.
Figure 13: Phase diagram for G1 < 0 in the
case of the anti-periodic boundary condition.
Figure 14: Behavior of the effective potential
for D = 3, G1 < 0 and Gr = −0.1, 0, 0.1 in
the case of the periodic boundary condition.
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Figure 15: Behavior of the effective potential
forD = 3, G1 < 0 and Gr = −0.1 in the case
of the periodic boundary condition.
Figure 16: Dynamical fermion mass for D =
3, G1 < 0 and Gr = −0.1, 0, 0.1 as a function
of the length L in the case of the periodic
boundary condition.
two local minima for Gr = −0.1. The finite size effect shifts the true minimum from the first
to the second local one which is outside the scope of our interest. In Fig. 16 we plot the
dynamical fermion mass in the case of the periodic boundary condition by solving the gap
equation (43). The finite size effect increases the dynamically generated fermion mass. For
a negative Gr we observe a small mass gap which is induced by the transition from the first
to the second minimum in Fig. 15. Then the two minima combined at σ/m0 =
√
−2/(3Gr),
as L deceases. If the size L is small enough, the dynamical fermion mass is given by
md/m0 =
√
− 2
3Gr
+
Gr
2
(
− 2
3Gr
)3/2
, (45)
for a negative Gr.
4.2 Phase structure for a positive G1
For a positive G1 the system is in the symmetric phase at the Minkowski limit, L→∞. To
study the chiral symmetry breaking induced by the finite size effect we evaluate the effective
potential (42). In the case of the anti-periodic boundary condition the finite size effect works
to stabilize the trivial ground state at σ = 0. Thus only the symmetric phase can be realized.
We can not observe any transition of the ground state. Therefore it is enough to analyze
only fermion fields which obey the periodic boundary condition.
For fermion fields with the periodic boundary condition we plot the behavior of the
effective potential in Fig. 17. The effective potential has the double well shape for a small
L. Thus the phase transition is caused by the finite size effect. The order of the transition is
found by observing the dynamical fermion mass. We draw it as a function of L in Fig. 18.
It is found that the phase transition is of higher than the second order. The eight-fermion
15
Figure 17: Behavior of the effective potential
for D = 3, G1 > 0 and Gr = −0.2, 0, 0.2 in
the case of the periodic boundary condition.
Figure 18: Dynamical fermion mass for D =
3, G1 > 0 and Gr = −0.2, 0, 0.2 as a function
of the length L in the case of the periodic
boundary condition.
Figure 19: Phase diagram for G1 > 0 in the
case of the periodic boundary condition.
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interaction has larger contribution for a negative Gr. In this case the dynamical fermion
mass is give by Eq.(45) again, if L is small enough.
The critical length, Lcr, is derived by taking the limit s→ 0 for the non-trivial solution
of the gap equation (43). It is found to be
Lcr = 2pi
[
2tr1G1
pi(4pi)(D−1)/2
Γ
(
3−D
2
)
ζ(3−D)
]1/(D−2)
, (46)
for fermion fields with the periodic boundary condition. The chiral symmetry is broken at
L = Lcr. We illustrate the phase diagram for G1 > 0 in the case of the periodic bound-
ary condition in Fig. 19. The eight-fermion interaction has nothing to do with the phase
boundary. It should be noted that the finite size effect disappears at the four-dimensional
limit.
5 Conclusion
In this article the four- and eight-fermion interaction model has been investigated in the two
types of space-time, a weakly curved space-time and a cylindrical space-time, RD−1 ⊗ S1.
The expectation value for the composite operator, ψ¯ψ is one of the order parameters for the
chiral symmetry breaking. Thus the phase structure of the system is found by observing
the effective potential in terms of the order parameter, σ(∝ ψ¯ψ). We have applied the
dimensional regularization and have calculated the effective potential in the leading order
of the 1/N expansion. The effective potential is written as a function of the auxiliary field,
σ, space-time dimension, D, a ration of the coupling constant, Gr = G2/G
3
1, and the sign
of the four-fermion coupling, sgn(G1). It has been shown that the stability of the critical
point against the eight-fermion interaction. The eight-fermion interaction can not modify
the phase boundary, if the phase transition is of the second or higher than second order.
In Minkowski space-time, RD, the chiral symmetry is broken for a negative four-fermion
coupling. As is mentioned in Ref. [35], the renormalized coupling can be positive. The
eight-fermion interaction modifies the shape of the effective potential. Contributions from
the eight-fermion interaction is enhanced for a larger σ(∝ ψ¯ψ). However, if the auxiliary
field σ develops a large value, we can not neglect higher dimensional operators which are not
employed. We have analysed the system in the restricted parameter range, 〈σ〉/m0 . 1.
To study the curvature effect we have evaluated the effective potential in weakly curved
space-time. In the four-fermion interaction model the broken symmetry is restored for a
large positive curvature, R. The phase transition is of the first order for a negative four-
fermion coupling, G1 at 2 ≤ D < 4. Only the broken phase appears in a space-time with
a negative curvature. The dynamically generated fermion mass is modified by the eight-
fermion interaction. Except for the four-dimensional limit we have observed a lower and a
higher critical curvature for a positive and a negative Gr, respectively. The phase boundary
is shown as a function of D. If we consider a negative G2, the minimum of the effective
potential disappears inside the range, 〈σ〉/m0 . 1. The phase boundary vanishes at a low
dimension for G2 < 0. In Ref. [30] the cutoff regularization is applied to analyse the same
model in weakly curved space-time at D = 4. Since the four- and eight-fermion interaction
are non-renormalizable in four dimensions, the phase structure depends on the regularization
procedures.
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The space-time topology also has non-negligible contribution for the expectation value
of the composite operator, ψ¯ψ. We have investigated the flat space-time with nontrivial
topology, RD−1 ⊗ S−1 and found the phase structure of the system. The finite size effect
can induce the second or higher than second order phase transition. Thus the critical length
does not modified by the eight-fermion interaction. We have obtained the phase boundary
independent of the eight-fermion coupling, G2. The system for fermion fields with the anti-
periodic boundary condition is equivalent to the finite temperature field theory in Matsubara
Formalism. There is a correspondence between the phase boundary in Fig. 13 and the one
at finite temperature, T , if we make a replacement,
L↔ 1
kBT
, (47)
For a negative Gr and G1 two local minima are observed in the effective potential, though
the second one is outside the range, 〈σ〉/m0 . 1.
In the present paper we have studied a simple toy model of the dynamical symmetry
breaking. But we believe that the curvature and the topological effects on the dynamical
symmetry breaking is similar in general to the case we have investigated. To distinguish a
characteristic feature of the model we will continue our works in other models, vector-type
fermion interactions, gauge theories and the supersymmetric extension of the model and so
on in various background space-time. Here we focus on the mathematical aspects of the four-
and eight-fermion interaction model. However, we are interested in the application of our
analysis to phenomena at the early universe. It is expected that the spontaneous symmetry
breaking has play an essential role for the evolution of the space-time. To study the evolution
of the universe we should calculate the stress tensor and solve the Einstein equation. We
will continue our works and hope to report on these problems.
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